We performed the detailed microscopic analysis of the inter-layer magnetic couplings for bilayer CrI 3 . As the first step toward understanding the recent experimental observations and utilizing them for device applications, we estimated magnetic force response as well as total energy. Various van der Waals functionals equivocally point to the ferromagnetic ground state for the low-temperature structured bilayer CrI 3 which is further confirmed independently by magnetic force response calculations. The calculated orbital-dependent magnetic forces clearly show that e g -t 2g interaction is the key to stabilize this ferromagnetic order. By suppressing this ferromagnetic interaction and enhancing antiferromagnetic orbital channels of e g -e g and t 2g -t 2g , one can realize the desirable antiferromagnetic order. We showed that high-temperature monoclinic stacking can be the case. Our results provide unique information and insight to understand the magnetism of multi-layer CrI 3 paving the way to utilize it for applications.
Introduction a stronger indication of FM order in this structure. Further, we performed the magnetic force response calculation which can directly measure the spin-spin interaction independent of total energy values. The calculated magnetic responses equivocally point to the FM interlayer coupling which is another strong evidence. In order to unveil the microscopic origin of inter-layer couplings, we investigate the orbitally-decomposed magnetic interactions using our recent implementation.
40 Surprisingly, Cr-e g orbitals are found to play an important role. Our calculations clearly show that the second-neighbor e g -t 2g interactions are the main source of FM order in LT-structured bilayer CrI 3 . This coupling is significantly suppressed and becomes comparable with AFM e g -e g interaction in high-temperature (HT) structure.
Our analysis provides the detailed information and insight which pave the way toward understanding the fascinating phenomena reported in this material 9, 11 and utilizing them for device applications.
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Results and discussion 
38
Here we first estimate the interaction parameters based on the most advanced scheme, namely, cRPA 48, 49 which is computationally demanding but known as quite reliable.
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The calculated on-site Coulomb repulsion U = 2.0 eV for the bulk CrI 3 and U = 2.9 eV for monolayer. The Hund interaction is found to be J H = 0.7 eV for both bulk and monolayer.
It is noted that the on-site electron correlation U is significantly enhanced by ∼30% when the system dimension is reduced. This value is used for our bilayer calculations.
Now we investigate the total energy profile to confirm the magnetic ground state of LT structure. We consider most of the available vdW functionals including nine different correction types. The results are summarized in Figure 1 . It is clearly shown that the interlayer AFM order is not stabilized in LT stacking; see the blue diamonds in Figure 1 . For all of the functional choices, the calculated total energies of AFM order are larger than those of FM by more than ∼0.78 meV per formula unit. Our result is a strong evidence that the ground state of bilayer CrI 3 is FM in the LT stacking.
As discussed in the previous studies, the AFM inter-layer coupling is important for device application. Our results of MFT are summarized in Figure 2 where the n-th neighbor out-of-plane interaction J z,n is defined as the sum of all pairs of J z,n reflecting the corresponding coordination number. For the LT-stacked bilayer CrI 3 , the calculated interlayer coupling J z is FM;
see the black line with squares in Figure 2c . The nearest-neighbor J z,1 and the second neighbor J z,2 are both FM whereas the longer-range inter-layer interactions (J z,n≥3 ) are negligibly small. This is another meaningful confirmation that the AFM order is not stabilized in LT stacking. It is important to note that MFT calculation does not rely on total energy information, but just utilizes eigenfunctions and eigenvalues. 40, [55] [56] [57] Indeed, when we calculated J z values based on the AFM solution of LT structure (which is not the ground state), the response function favors the spin flip, indicative of the FM ground state. Our MFT results provide an independent additional confirmation for FM interlayer coupling in LT structure.
In order to have further insights, we calculate orbitally-decomposed magnetic interactions, which is a unique and useful feature of MFT. As shown in Figure 2c , the dominant contribution comes from FM e g -t 2g channels (see the blue line with circles). The e g -e g and t 2g -t 2g orbital interactions are AFM but significantly weaker. This detailed microscopic information provides the unique insights to understand the magnetism of this material. 58 It is remarkable that e g orbitals play the important role which should be magnetically inactive in the pure ionic picture of Cr 3+ . Due to the hybridization with I-p orbitals, the e g states carry the sizable moments as shown in Table 1 . This feature demonstrates an intriguing nature of vdW magnetic materials distinctive from the typical ionic Mott insulators.
One important implication of our orbital-decomposed J results is that, if one can suppress e g -t 2g interaction and enhance e g -e g and/or t 2g -t 2g , AFM order can be stabilized which is desirable for many purposes. [12] [13] [14] [15] [16] [17] [18] [19] As one example for this, we calculated the HT-stacked monoclinic bilayer (see Figure 2b) , and the results are presented in Figure 2d . Due to the change of hopping routes (to be discussed further below) as well as the different numbers of neighboring sites, the orbital interaction profile is notably different from that of LT structure. While the e g -t 2g interactions J eg-t 2g z are still FM, the second neighbor J eg-t 2g z,2 becomes significantly weaker. As a result, the total J z,2 becomes AFM in HT structure. It is also noted that the third neighbor J z,3 is sizable and AFM which is largely due to the enhanced AFM coupling J in LT structure is the hopping between
Cr-e g and t 2g through the e g -I p σ, I p -I p π, and I p -t 2g π bondings. This analysis also shows the reason why the inter-layer magnetic interaction is small (∼0.1 meV); Due to the two successive hopping required, the magnetic interaction of this vdW 2D material is much weaker than the usual superexchange scale. One can further understand why this interaction
is reduced in HT phase. The calculated maximally localized Wannier functions for HT phase are presented in Figure 3c . The second neighbor J eg-t 2g z,2
is reduced owing to the bonding angle enlarged from 106
• (LT phase) to 136 • (HT phase) which leads to the weaker I p -I p π hopping (see Figure 3c ). This effect gives rise to J eg-t 2g z,2 ∼ 0.07 meV for HT structure which is ∼50% of the LT value.
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To summarize, we investigated the magnetic interactions of bilayer CrI 3 from two differ- dDsC, 27,28 vdW-DF-optB86b, [29] [30] [31] and vdW-DF2-rPW86. 32 The 600 eV energy cutoff and the force criterion of 1 meV/Å were used with 9 × 9 × 1 k-points in the first Brillouin zone.
The lattice constants a and b are fixed to the experimental values; a=b=6.867 Å for rhombohedral LT and a=b=6.863 Å for monoclinic HT stackings. 42 We took the vacuum distance of ∼20 Å which is found to be large enough to simulate the experimental situation. For DFT+U method, 66 we used so-called FLL (fully localized limit) version of DFT+U based on charge density. which is based on LCPAO (linear combination of pseudoatomic orbitals) formalism. The D3 method of Grimme et al. was used for the vdW correction 22 in this process. For the estimation of interaction parameters, the constrained random phase approximation (cRPA) 48, 49 was performed with Ecalj package. 71 We used so-called d-dp model 72, 73 as derived by the maximally localized Wannier function technique. 
